Abstract. Given a Schrödinger differential expression on an exterior Lipschitz domain we prove strict inequalities between the eigenvalues of the corresponding selfadjoint operators subject to Dirichlet and Neumann or Dirichlet and mixed boundary conditions, respectively. Moreover, we prove a strict inequality between the eigenvalues of two different elliptic differential operators on the same domain with Dirichlet boundary conditions.
Introduction
In the spectral theory of Laplace and Schrödinger operators eigenvalue inequalities have a long history, see, e.g., [2] for a survey. One extensively studied topic is the relation between Dirichlet and Neumann eigenvalues for the Laplace equation on a bounded domain; we refer the reader to the classical works [12, 13, 17] and the more recent contributions [1, 4, 5, 6, 7, 10, 11, 15, 16] .
In this note we focus on eigenvalue inequalities for Schrödinger operators on exterior domains with Dirichlet, Neumann, and Robin boundary conditions. As a special case consider first the selfadjoint Schrödinger operators holds. As a special case of the main result in Section 3 it turns out that the inequality (1.1) is in fact strict, i.e., In fact, the inequality (1.2) appears as a special case of a more general result. Instead of restricting ourselves to the case of the Neumann operator −∆ V N we consider the selfadjoint operator −∆ V R satisfying a mixed boundary condition, namely a Robin boundary condition on a relatively open part ω of the boundary ∂Ω,
for some α ∈ R, and a Dirichlet boundary condition on the complement ω ′ = ∂Ω\ω. The essential spectra of −∆ V D and −∆ V R coincide (see Section 2) and it turns out that whenever ω is nonempty the analog of (1.2) for this situation is true, i.e.,
holds, where λ
R below the bottom of the essential spectrum. The inequality (1.2) follows from (1.3) setting ω = ∂Ω and α = 0. We remark that eigenvalue inequalities for Robin Laplacians on bounded domains can be found in the literature in, e.g., [7, 15] .
In Section 4 we complement our result with an inequality for elliptic differential operators subject to Dirichlet boundary conditions with different sets of coefficients. For the special case of Schrödinger operators the result reads as follows: Assume that V 1 , V 2 : Ω → R are two bounded, measurable potentials with
for all x ∈ Ω such that the bottoms of the essential spectra of −∆ D ) has at least l eigenvalues below the bottom of the essential spectrum. The method to prove this observation is in line with the proofs in the previous section. We remark that for (1.4) no regularity of the boundary of Ω is required; also the case Ω = R d is included, where no boundary condition is present any more.
In this preparatory section we provide some preliminaries and discuss properties of Schrödinger operators with Dirichlet, Neumann, and Robin boundary conditions on exterior Lipschitz domains.
We assume here and in the following sections that 
(Ω) ∋ u → u| ∂Ω can be extended by continuity to a bounded, surjective operator from H 1 (Ω) to H 1/2 (∂Ω). We will use the notation u| ∂Ω for the trace of u ∈ H 1 (Ω) and we set is the uniquely defined element in H −1/2 (Ω) which satisfies Green's identity
, respectively, and ·, · denotes the sesquilinear duality between H 1/2 (∂Ω) and its dual space H −1/2 (∂Ω). For the consideration of Schrödinger operators with mixed boundary conditions assume that ω is an open, nonempty subset of ∂Ω and set ω ′ = ∂Ω \ ω. For a function u ∈ H 1 (Ω) we shall denote by u| ω and u| ω ′ the restriction of the trace u| ∂Ω to ω and ω ′ , respectively. In order to introduce Schrödinger operators with Dirichlet, Neumann, and Robin boundary conditions let V ∈ L ∞ (Ω) be a real valued function and let α ∈ R. The sesquilinear forms 
respectively; cf., e.g., [3, Chapter VII] ; here the local Robin condition for the functions in the domain of −∆ V R is understood in the distributional sense, namely
if and only if
which follow from Green's identity (2.2). Note that in the special case ω = ∂Ω and α = 0 the sesquilinear form a V R coincides with the Neumann form a
and the corresponding selfadjoint operator is given by the Neumann operator
The following useful proposition is known for exterior domains with smooth boundaries and −∆
For the convenience of the reader we provide a proof in the present more general situation.
It follows from the continuity of the trace and the normal derivative that both operators S and T are bounded. Moreover, we claim that ran
(Ω) and define
Then we obtain with the help of (2.2) and f | ∂Ω = 0
and hence
As S is compact and T * is bounded it follows that T * S and thus the left-hand side of (2 .8) 
A strict inequality between Dirichlet and Robin eigenvalues
This section contains the first main result of this note. In Theorem 3.2 we shall prove a strict inequality between the eigenvalues below the essential spectrum of the Schrödinger operators with Dirichlet and Robin boundary conditions given in (2.
The following preparatory lemma is the counterpart of the lemma in [4] , where the Laplacian on a bounded Lipschitz domain with Neumann boundary conditions was considered. In contrast to the situation in [4] , a unique continuation principle must be employed in the proof. For the convenience of the reader we carry out the details.
Consider the function 
where ψ is the restriction of ψ to Ω and v| ∂Ω = 0 was used. Using (2.6), (3.1), and
. Since v| Ω\Ω = 0, unique continuation implies v = 0 on Ω, see, e.g., [19] . Hence v = 0 on Ω.
Now we come to the first main result of this note. Its proof is inspired by an idea in [4] . First we introduce some useful notation. For an interval I ⊂ R which contains no essential spectrum the eigenvalue counting functions of the Dirichlet and Robin Schrödinger operator are defined by 
The following result shows that these observations can be strengthened. holds for all k ∈ {1, . . . , l}.
Proof. Let µ < M and recall that by the min-max-principle (see, e.g. [18] ) one has
Let F be a subspace of dom a
for all u ∈ F.
(3.6)
For u ∈ F and v ∈ ker(−∆ V N − µ) we obtain with the help of the relations (2.5) and (2.6)
where the estimate (3.6) was used in the third step. As F ⊂ H We immediately obtain the following corollary for the Neumann operator −∆ V N . Here for any interval I ⊂ R we write N N (I) := dim ran E N (I), (3.8) where E N is the spectral measure of −∆
and we denote by λ In the next corollary we turn to the special case that the function V belongs to
for an appropriate p and satisfies the growth condition
for |x| > R 0 (3.12)
for some R 0 > 0, α > 0 and ε > 0. In this case it can be shown as in [14 Remark. The assumption in this section that Ω is connected can be dropped. In fact, Theorem 3.2 and its proof remain valid if each connected component Λ of Ω satisfies ∂Λ ∩ ω = ∅. In particular, Corollary 3.3 remains true also if Ω is not connected.
A remark on eigenvalue inequalities for elliptic operators with varying coefficients
In this section we turn to the related subject of eigenvalue inequalities for pairs of elliptic operators with different coefficients and a fixed boundary condition. For simplicity we restrict ourselves to a Dirichlet boundary condition; similar results can be proved for Neumann, Robin or mixed boundary conditions as well. In this section we require only that Ω ⊂ R d , d ≥ 2, is a nonempty, open, connected set, without assuming any regularity or compactness of the boundary. Also the case Ω = R d is included. We make use of the space H 
where a jk,i : Ω → C are bounded Lipschitz functions and a i : Ω → R are bounded and measurable, i = 1, 2. The differential expressions are assumed to be formally symmetric, i.e., a jk,i (x) = a kj,i (x) for all x ∈ Ω, i = 1, 2, and uniformly elliptic, i.e., there exist E i > 0 with
The selfadjoint Dirichlet operators associated with L i in L 2 (Ω) are given by
They correspond to the densely defined, symmetric, semibounded, closed sesquilinear forms
that is,
In the following we focus on the case that the infima of the essential spectra of A 1 and A 2 coincide. For instance, this is the case if the coefficients of the difference L 2 − L 1 are close to zero outside a compact set in an appropriate sense. If Ω is bounded or, more generally, has finite Lebesgue measure, then the essential spectra of both operators are empty. We define
including the possibility M = +∞ if the essential spectra are empty. Moreover, we assume that L 1 and L 2 are ordered in the sense that
(i.e., the matrix (a jk,2 (x) − a jk,1 (x)) j,k is nonnegative for all x ∈ Ω), and
These two conditions immediately imply
In particular, if A 2 possesses at least l eigenvalues in (−∞, M ) then the same holds for A 1 and 
Then for all µ < M the inequality
holds. In particular, if there exist l eigenvalues of A 2 in (−∞, M ) then
holds for all k ∈ {1, . . . , l}.
Proof. Let µ < M . Similar to the proof of Theorem 3.2 we can choose a subspace
For u ∈ F and v ∈ ker(A 1 − µ) we obtain with the help of (4.2) and (4.6)
(Ω) and thus (4.6) and (4.9) yield
where A(x) = (a jk,2 (x) − a jk,1 (x)) j,k for x ∈ Ω. Since A(x) is a nonnegative matrix and a 2 (x) − a 1 (x) ≥ 0 for all x ∈ Ω by the assumptions (4.4) and (4.5), it follows (A∇w, ∇w) C d = 0 and (a 2 − a 1 )|w| 2 = 0 (4.11)
identically on Ω. If the condition (a) of the theorem holds for some open ball O ⊂ Ω then the second identity in (4.11) implies w| O = 0 and since L 1 w = µw a unique continuation principle yields w = 0 on Ω, see, e.g., [19] . If the condition (b) is satisfied then the first equality in (4.11) leads to ∇w = 0 on O so that w = c identically on O for some constant c ∈ C and unique continuation implies w = c identically on Ω. Since w ∈ H 
